Using the fixed point method, we prove the Hyers-Ulam stability of the Cauchy additive functional inequality and of the Cauchy-Jensen additive functional inequality in random normed spaces.
Introduction and preliminaries
The stability problem of functional equations originated from the question of Ulam [] concerning the stability of group homomorphisms. Hyers A Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof [] for mappings f : X → Y , where X is a normed space and Y is a Banach space. Cholewa [] noticed that the theorem of Skof is still true if the relevant domain X is replaced with an Abelian group. The stability problems of several functional equations have been extensively investigated by a number of authors, and there are many interesting results concerning this problem (see [-] ).
In the sequel, we adopt the usual terminology, notations and conventions of the theory of random normed spaces, as in [-] given by 
Typical examples of continuous t-norms
where X is a vector space, T is a continuous t-norm and μ is a mapping from X into D + such that the following conditions hold:
for all x, y ∈ X and all t, s ≥ .
Every normed space (X, · ) defines a random normed space (X, μ, T M ), where
for all t > , and T M is the minimum t-norm. This space is called the induced random normed space.
Definition . A random normed algebra is a random normed space with algebraic structure such that (RN  ) μ xy (ts) ≥ μ x (t)μ y (s) for all x, y ∈ X and all t, s > .
Example . Every normed algebra (X, · ) defines a random normed algebra (X, μ, T M ), where
for all t > . This space is called the induced random normed algebra.
for all x, y ∈ X. X is convergent to a point in X.
We recall a fundamental result in fixed point theory.
Theorem . ([-]) Let (X, d) be a complete generalized metric space and let J : X → X be a strictly contractive mapping with the Lipschitz constant L < . Then for each given
for all nonnegative integers n or there exists a positive integer n  such that
() the sequence {J n x} converges to a fixed point y * of J; Gilányi [] showed that if f satisfies the functional inequality
then f satisfies the Jordan-von Neumann functional equation 
and the Cauchy-Jensen additive functional inequality
and proved the Hyers-Ulam stability of the functional inequalities (.) and (.) in Banach spaces. Throughout this paper, assume that (X, μ, T M ) is a random normed algebra and that (Y , μ, T M ) is a complete random normed algebra.
The Hyers-Ulam stability of different functional equations in random normed and fuzzy normed spaces has been recently studied in [, , , -]. They are completed with the recent paper [], which contains some stability results for functional equations in probabilistic metric and random normed spaces. This paper is organized as follows. In Section , we prove the Hyers-Ulam stability of random homomorphisms in complete random normed algebras associated with the Cauchy additive functional inequality (.). In Section , we prove the Hyers-Ulam stability of random derivations in complete random normed algebras associated with the Cauchy-Jensen additive functional inequality (.).
Stability of random homomorphisms in random normed algebras
In this section, using the fixed point method, we prove the Hyers-Ulam stability of random homomorphisms in complete random normed algebras associated with the Cauchy additive functional inequality (.).
Theorem . Let
for all x, y, z ∈ X. Let f : X → Y be an odd mapping satisfying
for all r ∈ R, all x, y, z ∈ X and all t > . Then H(x) := lim n→∞  n f ( x  n ) exists for each x ∈ X and defines a random homomorphism H : X → Y such that
for all x ∈ X and all t > . http://www.journalofinequalitiesandapplications.com/content/2012/1/194
Proof Since f is odd, f () = . So μ f () ( t  ) = . Letting r =  and y = x and replacing z by -x in (.), we get
for all x ∈ X. Consider the set
and introduce the generalized metric on S:
where, as usual, inf φ = +∞. It is easy to show that (S, d) is complete (see the proof of [, Lemma .]). Now we consider the linear mapping J : S → S such that
for all x ∈ X and all t > . Hence
for all x ∈ X and all t > . So d(g, h) = ε implies that d(Jg, Jh) ≤ Lε. This means that
d(Jg, Jh) ≤ Ld(g, h)
for all g, h ∈ S.
It follows from (.) that
for all x ∈ X and all t > .
By Theorem ., there exists a mapping H : X → Y satisfying the following: () H is a fixed point of J, i.e.,
for all x ∈ X. Since f : X → Y is odd, H : X → Y is an odd mapping. The mapping H is a unique fixed point of J in the set
This implies that H is a unique mapping satisfying (.) such that there exists a ν ∈ (, ∞) satisfying
This implies the equality
This implies that the inequality (.) holds. Let r =  in (.). By (.),
for all x, y ∈ X, all t >  and all n ∈ N. So
for all x, y ∈ X, all t >  and all n ∈ N. Since lim n→∞
=  for all x, y ∈ X and all t > ,
for all x, y ∈ X and all t > . So the mapping H : X → Y is Cauchy additive. http://www.journalofinequalitiesandapplications.com/content/2012/1/194
Let y = -x and z =  in (.). By (.),
for all r ∈ R, all x ∈ X, all t >  and all n ∈ N. So
for all r ∈ R, all x ∈ X, all t >  and all n ∈ N. Since lim n→∞
=  for all x ∈ X and all t > ,
for all r ∈ R, all x ∈ X and all t > . Thus the additive mapping
μ H(xy)-H(x)H(y) (t) = 
for all x, y ∈ X and all t > . Thus the mapping H : X → Y is multiplicative. Therefore, there exists a unique random homomorphism H : X → Y satisfying (.). 
be an odd mapping satisfying (.) and (.). Then H(x)
Proof Let (S, d) be the generalized metric space defined in the proof of Theorem .. Consider the linear mapping J : S → S such that
for all x ∈ X. It follows from (.) that
The mapping H is a unique fixed point of J in the set
This implies that H is a unique mapping satisfying (.) such that there exists a ν ∈ (, ∞) satisfying
This implies that the inequality (.) holds. The rest of the proof is similar to the proof of Theorem ..
Stability of random derivations on random normed algebras
In this section, using the fixed point method, we prove the Hyers-Ulam stability of random derivations on complete random normed algebras associated with the Cauchy-Jensen additive functional inequality (.). http://www.journalofinequalitiesandapplications.com/content/2012/1/194
for all x, y, z ∈ Y . Let f : Y → Y be an odd mapping satisfying
for all x ∈ Y and all t > .
for all x ∈ Y . Consider the set
and introduce the generalized metric on S: 
This implies that D is a unique mapping satisfying (.) such that there exists a ν ∈ (, ∞) satisfying
This implies that the inequality (.) holds. Let r =  in (.). By (.),
for all x, y ∈ Y , all t >  and all n ∈ N. So
for all x, y ∈ Y , all t >  and all n ∈ N. Since lim n→∞ Let r = , z =  and y = -x in (.). By (.),
for all r ∈ R, all x ∈ Y , all t >  and all n ∈ N. So
for all r ∈ R, all x ∈ Y , all t >  and all n ∈ N. Since lim n→∞ 
for all x, y ∈ Y , all t >  and all n ∈ N. So for all x ∈ Y and all t > .
